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Abstract. In this article the minimum number of positive periodic solutions admitted
by a non-autonomous scalar dierential equation is estimated. This result is employed to
nd the minimum number of positive periodic solutions admitted by a model representing
dynamics of a renewable resource that is subjected to additive Allee eects in a seasonally
varying environment. Leggett-Williams multiple xed point theorem is used to establish
the existence of at least two positive periodic solutions for the considered dynamic equa-
tion. Two methods are obtained to establish the existence of periodic solutions. Key
results are illustrated through numerical simulation.
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1. Introduction. The term Allee eect seems to have originated
from the works of Allee [3, 4]. Allee eect refers to reduction in individual
tness at low population density that can lead to extinction [6, 11, 12]. It
is strongly related to the extinction vulnerability of populations. According
to [28], any ecological mechanism that can lead to a positive relationship
between a component of individual tness and either the number or density
 Department of Mathematics, College of Science and Technology, Andhra University,
Visakhapatnam - 530003, India, Email: pdnsrini@gmail.com
y Department of Mathematics, Dr. B.R. Ambedkar University, Srikakulam, Andhra
Pradesh - 532 410, India, Email: gkkumaraa@gmail.com
z Department of Applied Mathematics, Gondar University, Gondar, Region 3, Ethiopia,
Email: birkudm@redimail.com
137
138 P. SRINIVASU, K. GURUBILLI, B. MISGNAW
of conspecics can be termed a mechanism of the Allee eect [19, 31] or
depensation [10, 15, 21] or negative competition eect [37]. Several mech-
anisms generating Allee eects have been suggested in the literature[6, 12].
We are particulary interested in additive Allee eect [1, 2, 31, 32], among
various Allee eects that exist, which refers to reduction of species due to
an extra mortality rate inuenced by factors such as satiation of a preda-
tor [7, 12, 14, 15, 34], anti predator behaviour like group defence against
predator and inhibition [16, 29, 33, 41, 43] or the necessity of nding a mate
for reproduction [7, 15, 22] etc. Two interesting derivations for the additive
Allee eect can be found in [34] which are developed in the context of search
for mate and impact of a satiating generalist predator.
Most ecosystems experience uctuations in environmental factors which
aect the birth rates, mortality rates, carrying capacities and other vital
factors of the species in the ecosystems. In spite of the inuence of such en-
vironmental uctuations on species dynamics, the amount of analysis which
has been carried out on autonomous growth models is much more than that
which has been done on models in which the parameters are allowed to vary
with time. In recent years an increasing amount of attention has been paid
in both the biological and mathematical literature to the eects that such
variations have on growth of species. It is evident that many of the variations
with which the species must cope are regular and periodic. The quality and
quantity of food and other vital resources, the occurrence of predation and
competition, and the susceptibility or exposure to diseases or other hazards
are but a few other examples of things which can aect growth and dynamics
of species which can vary regularly [13, 27].
Thus periodicity and almost periodicity play an important role in the
problems associated with real world applications. In trying to analyze the
consequences of such periodic or almost periodic variations in the environ-
ment, it is reasonable as a rst approximation to consider the involved pa-
rameters to be periodic of same period. Thus a natural approach might then
be to study the eects of periodic variations in the appropriate parameters of
the model equations which have been used to describe the growth dynamics
in constant environments as in [8, 13, 30].
There has been considerable contributions in the recent years on the
existence of periodic and almost periodic solutions of dierential equations
having periodic causal functions. In the recent works of Padhi and others [25,
26, 30] sucient conditions have been obtained for the existence of multiple
positive periodic solutions for certain dierential equations using Leggett-
Williams multiple xed point theorem [20]. Existence of single and multiple
periodic solutions of dierential equations have been studied using xed point
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theorems involving cone expansion and cone compression method, Upper-
lower solution method and iterative techniques [9, 17, 35, 36, 47, 48]. Some
relevant work on existence of at least one or at least two positive periodic
solutions of scalar dierential equations can be found [17, 42, 44, 45, 46].
Non existence of periodic solutions, existence of single and multiple periodic
solutions for periodic functional dierential equations have been established
in [18, 38]. Existence of positive periodic solutions for systems of ordinary
dierential equations are presented in [23, 24]. Existence of positive periodic
solutions for singular dierential systems are established [39, 40].
In this article we are interested in investigating the existence of multiple
positive periodic solutions of a rst order dierential equations representing
growth of a renewable resource that is subjected to additive Allee eect in
a seasonally varying environment. Our interest is to nd an estimate on the
number of positive periodic solutions admitted by the considered model. We
have used Leggett-Williams multiple xed point theorem [20] to establish the
existence of at least two positive periodic solutions.
Section wise division of the article is as follows. In the next section
we discuss about the model. In section 3 the existence of multiple positive
periodic solutions for a general scalar dierential equation is examined by
assuming dierent conditions on the causal function. Results that guarantee
existence of at least two positive periodic solutions for the considered resource
dynamic equation are established in section 4. These results are obtained
as an application of the general results presented in section 3. Section 5
illustrates the existence results through numerical simulation. This followed
by discussion in section 6.
2. The Model. Let us consider the following dierential equation
representing the dynamics of a population subjected to additive Allee eects.
dx
d
= rx

1  x
k
  
1 + !x

(1)
where the positive constants r and k stand for intrinsic growth rate and carry-
ing capacity of the resource,  and ! are constants that indicate the severity
of Allee eect that has been modelled [1, 2]. Considering these parameters
to be positive constants (which is a realistic assumption), it can be easily
observed that (1) always admits the trivial solution as one of the equilibrium
solutions and it admits at most two positive equilibrium solutions depending
on the values of the remaining parameters. Equilibrium analysis and quali-
tative behaviour of solutions of (1) is presented in [34]. Assuming that the
parameters r; k; ; ! to be constants imply that the growth rate, carrying ca-
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pacity, the extra mortality due to other factors remain the same throughout
and are independent of the seasons. We introduce periodic variations in the
growth dynamics by assuming that these parameters are periodic of same
period [8, 13, 30].
In this article we are interested in studying the existence of positive
periodic solutions of (1) under the assumption that the associated coecients
r; k;  and ! are positive periodic functions of same period, P . Thus we
consider the equation
dx
d
= r()x

1  x
k()
  ()
1 + !()x

:(2)
The following lemma transforms the P periodic dierential equation (2) into
another equivalent simpler (involving only two periodic coecients instead
of three) T periodic dierential equation where T could be dierent from P .
Lemma 1. The transformation t = G() =
R 
0
r(s)ds transforms (2) to a T
- periodic equation given by
dy
dt
= y

1  y
(t)
  (t)
1 +m(t)y

(3)
with y(t) = x(G 1(t)) where (t) = k(G 1(t)); (t) = (G 1(t)) and m(t) =
!(G 1(t)) are positive periodic functions of period T = G(P ). Also, for each
T - periodic solution y(t) of (3), x() = x(G 1(t)) denes a P - periodic
solution of (2).
In the light of lemma 1, we shall concentrate only on the existence of T
periodic solutions for (3).
3. Periodic solutions for a general scalar dierential equation.
In this section we shall study the existence of positive periodic solutions for
a general scalar dierential equation for which (3) becomes a special case.
The results developed in this section will be applied to (3) to nd conditions
under which existence of two positive periodic solutions are guaranteed.
Let us consider the following general scalar dierential equation
dy
dt
= y + f(t; y)(4)
where f , dened on RR, is a non positive valued continuous function and
satises f(t + T; y) = f(t; y). We have the following lemma which is easily
veriable.
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Lemma 2. If y(t) is a T - periodic solution of (4) then it also satises the
integral equation
y(t) =
t+TZ
t
G(t; s)f(s; y(s))ds(5)
where G(t; s) is the Green's function given by G(t; s) = e
 (s t)
e T 1 ; s 2 [t; t+ T ].
Note that the Green's function G(t; s) satises
1
e T   1 < G(t; s) <
e T
e T   1 < 0; s 2 [t; t+ T ]:(6)
The following fundamentals are needed to prove the results to follow. Let X
be a Banach space and K be a cone in X. A mapping  : K ! [0;1) is said
to be concave nonnegative continuous functional [20] on K if it is continuous,
nonnegative and satises
 (x+ (1  )y)   (x) + (1  ) (y); x; y 2 K;  2 [0; 1]:
Let a; b; c > 0 be constants with K and X as dened above. Dene
Ka = fy 2 K : jjyjj < ag
and
K( ; b; c) = fy 2 K : jjyjj < c;  (y) > bg:
Theorem 1. [Leggett-Williams multiple xed point theorem] [20] : Suppose
E : Kc3 ! K is completely continuous, and suppose there exists a concave
non negative functional  with  (y)  jjyjj, y 2 K and numbers c1 and c2,
with 0 < c1 < c2 < c3 satisfying
(i). fy 2 K( ; c2; c3) :  (y) > c2g 6= ; and  (Ey) > c2 if y 2 K( ; c2; c3)
(ii). jjEyjj < c1 if y 2 Kc1 and
(iii).  (Ey) > c2
c3
jjEyjj for each y 2 Kc3 such that jjEyjj > c3.
Then E has at least two xed points in Kc3.
It is well known that the set
Y = fy 2 C[0; T ] : y(0) = y(T )g(7)
endowed with the norm
jjyjj = sup
0tT
jy(t)j(8)
142 P. SRINIVASU, K. GURUBILLI, B. MISGNAW
is a Banach space.
Theorem 2. Suppose that there exist two positive constants c1 < c2 such
that
(H1)
e T
e T 1
TR
0
f(s; y(s))ds  c2 for c2  y(s)  c2e T for all s 2 [0; T ];
(H2) maxkykc1
n
1
e T 1
TR
0
f(s; y(s))ds
o
< c1.
Then (4) admits at least two positive T-periodic solutions.
Proof. Let us consider the Banach space Y endowed with sup norm as dened
in (7), (8). Dene a cone K on Y as
K = fy 2 Y : y(t)  0g:(9)
Let c2 be the positive constant satisfying the conditions laid in the hypothesis.
Dene c3 =
c2
e T . Dene an operator E :
Kc3 ! K as
(Ey)(t) =
t+TZ
t
G(t; s)f(s; y(s))ds
We shall apply Leggett-Williams multiple xed point theorem to the above
operator E to establish the existence of at least two positive periodic solutions
for (4). It can be easily veried that E is well dened, completely continuous
on Kc3 and E( Kc3)  K(Lemma 2).
Let us consider a concave non-negative continuous functional  on K dened
as
 (y) = min
0tT
y(t):(10)
Observe that  0 =
1
2
(c2 + c3) satises c2 <  0 < c3 and belongs to fy 2
K( ; c2; c3) :  (y) > c2g.
Now, for y 2 K( ; c2; c3) we have
 (Ey) = min
0tT
t+TZ
t
G(t; s)f(s; y(s))ds
>
e T
e T   1
TZ
0
f(s; y(s))ds (from (6))
 c2 (from(H1)):
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Therefore  (Ey) > c2 for y 2 K( ; c2; c3). Hence condition (i) of Theorem
1 is satised.
For any y 2 Kc1 we have
jjEyjj = sup
0tT
t+TZ
t
G(t; s)f(s; y(s))ds
<
1
e T   1
t+TZ
t
f(s; y(s))ds (from (6))
< max
kykc1
n 1
e T   1
TZ
0
f(s; y(s))ds
o
< c1 (from (H2)):
Therefore jjEyjj < c1 for y 2 Kc1 . Hence condition (ii) of Theorem 1 is
satised. Below we shall establish the validity of condition (iii) of Theorem
1.
Let y 2 Kc3 with jjEyjj > c3. We have
 (Ey) = min
0tT
t+TZ
t
G(t; s)f(s; y(s))ds >
e T
e T   1
t+TZ
t
f(s; y(s))ds:
Therefore,
 (Ey)
e T
>
1
e T   1
t+TZ
t
f(s; y(s))ds:(11)
In view of (6) and (11) we obtain
c3 < jjEyjj = sup
0tT
t+TZ
t
G(t; s)f(s; y(s))ds
<
1
e T   1
t+TZ
t
f(s; y(s))ds
<
 (Ey)
e T
(from (11)):
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Therefore we have jjEyjj <  (Ey)
e T . Since
c2
c3
= e T we have
 (Ey) >
c2
c3
jjEyjj
for 0 < y(s)  c3 with jjEyjj > c3. Hence condition (iii) of Theorem 1 is
satised. Therefore by Theorem 1, (4) admits at least two positive T-periodic
solutions.
Corollary 1. Suppose that there exist two positive constants c1 < c2 such
that
( ~H1)
e T
e T 1
TR
0
f(s; y)ds = y at y = c2 and
e T
e T   1
TZ
0
f(s; y)ds > c2 for c2 < y  c2
e T
( ~H2) max
0<yc1
n
1
e T 1
TR
0
f(s; y)ds
o
< c1.
Then (4) admits at least two positive T-periodic solutions.
Theorem 3. Assume that
(H1 )
e T
e T 1
TR
0
f(s; y)ds is strictly monotonically increasing such that
lim
y!1
e T
e T   1
1
y
TZ
0
f(s; y)ds =1
(H2 ) there exists a constant c > 0 such that
1
e T 1
TR
0
f(s; y)ds < c in a small
left neighborhood of c.
Then (4) admits at least two positive T -periodic solutions.
Proof. We shall show that the validity of conditions H1 and H

2 imply va-
lidity of ~H1 and ~H2 of Corollary 1. Given that
e T
e T 1
TR
0
f(s; y)ds strictly
monotonically increasing with respect to y. Hence this monotonicity prop-
erty holds for 1
e T 1
TR
0
f(s; y)ds also. If (a; c) represents a left neighborhood
in which H2 is valid then by choosing c1 to be any element of (a; c) we have
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max
0yc1
n
1
e T 1
TR
0
f(s; y)ds
o
< c1. Thus ~H2 is satised. From H

1 and in view
of H2 we have
e T
e T 1
TR
0
f(s; y)ds < y over (a; c) and there exists a c2 > c such
that e
 T
e T 1
TR
0
f(s; y)ds  c2 for all y  c2. This implies validity of ~H1. Hence,
by Corollary 1, (4) admits at least two positive T -periodic solutions.
The Theorem 2, Corollary 1 and Theorem 3 involve conditions on integral
of the function f(t; y). Below we present two existence theorems which are
based on bounds of the function f(t; y).
Theorem 4. Suppose that there exists two positive constant c1 < c2 such
that
(H3) min
0tT
n
e T
e T 1f(t; y(t))
o
 c2
T
when c2  y(t)  c2e T for all t 2
[0; T ];
(H4) maxkykc1
n
max
0tT
n
1
e T 1f(t; y(t))
oo
< c1
T
.
Then (4) admits at least two positive T-periodic solutions.
Corollary 2. Suppose that there exists two positive constant c1 < c2 such
that
( ~H3) min
0tT
n
e T
e T 1f(t; y)
o
= y
T
at y = c2 and
min
0tT
n e T
e T   1f(t; y)
o
>
c2
T
for c2 < y  c2
e T
( ~H4) max
0yc1
(
max
0tT
n
1
e T 1f(t; y)
o)
< c1
T
:
Then (4) admits at least two positive T-periodic solutions.
Theorem 5. Assume that
(H3 ) min
0tT
n
e T
e T 1f(t; y)
o
is strictly monotonically increasing function
such that lim
y!1
min
0tT
n
e T
e T 1
f(t;y)
y
o
=1
(H4 ) there exists a c > 0 such that max
0tT
n
1
e T 1f(t; y)
o
< c
T
in a small left
neighborhood of c:
Then (4) admits at least two positive T -periodic solutions.
Proofs of Theorem 4, Corollary 2 and Theorem 5 are parallel to that of
Theorem 2, Corollary 1 and Theorem 3 respectively. Hence the proofs are
omitted.
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4. Application to renewable resource dynamics involving addi-
tive Allee eects. In this section, we shall apply the results developed
in the previous section to nd the existence of two positive periodic solutions
of (3). Let us consider the following form of (3).
dy
dt
= y   y
2
(t)
  (t)y
1 +m(t)y
:(12)
In view of (4) we have
f(t; y) =   y
2
(t)
  (t)y
1 +m(t)y
(13)
where the coecients (t) and m(t) are positive T-periodic continuous func-
tions. We have
lim
y!1
e T
e T   1
1
y
TZ
0
f(s; y)ds = lim
y!1
e T
e T   1
1
y
TZ
0
n
  y
2
(t)
  (t)y
1 +m(t)y
o
ds
= lim
y!1
e T
1  e T
TZ
0
n y
(t)
+
(t)
1 +m(t)y
o
ds =1:
Clearly H1 of Theorem 3 is satised by (3). We have the following theorem.
Lemma 3. If there exists a l  0 such that
(14)
TZ
0
(s)
1 +m(s)l
ds < 1  e T   l
TZ
0
ds
(s)
then there is a c > l that satises H2 : Further, (3) admits at least two positive
T-periodic solutions.
Proof. Let us consider the equation
1
e T   1
TZ
0

  y
2
(s)
  (s)y
1 +m(s)y

ds = y:(15)
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Simplifying (15) we obtain
TZ
0
(s)
1 +m(s)y
ds = 1  e T   y
TZ
0
ds
(s)
:(16)
Let us denote
r(y) =
TZ
0
(s)
1 +m(s)y
ds; s(y) = 1 e T y
TZ
0
ds
(s)
and z(y) =
TZ
0
 y2
(s)
+
(s)y
1 +m(s)y

ds
dened on positive y axis. Observe that z(y) is continuous and strictly
increasing function, r(y) is a convex function and it approaches zero as y
approaches 1. On the other hand s(y) is a linear decreasing function inter-
secting the y axis at (1  e T )=
TR
0
ds
(s)
. Let us assume that there exists l  0
such that
TR
0
(s)
1+m(s)l
ds < 1 e T l
TR
0
ds
(s)
. In view of the qualitative behaviour
of the functions r(y) and s(y), there exists a c 2

l; (1   e T )=
TR
0
ds
(s)

such
that r(c) = s(c). Since z(y) < z(c) for y < c we have
TZ
0
 y2
(s)
+
(s)y
1 +m(s)y

ds <
TZ
0
 c2
(s)
+
(s)c
1 +m(s)c

ds
= c(1  e T ) (since r(c) = s(c)):
Since z(y) =
TR
0

y2
(s)
+ (s)y
1+m(s)y

ds is strictly monotonically increasing con-
tinuous function we obtain
TZ
0
 y2
(s)
+
(s)y
1 +m(s)y

ds < c(1  e T ):
The above inequality can be rewritten as
1
e T   1
TZ
0

  y
2
(s)
  (s)y
1 +m(s)y

ds < c:(17)
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Therefore H2 of Theorem 3 is satised. Hence, from Theorem 3, (3) admits
at least two positive T periodic solutions.
Now we shall apply Theorem 5 to investigate the existence of positive
periodic solutions for (3). Since the coecient functions m(t); (t) and (t)
are assumed to be positive periodic functions, there exists positive constants
a; b; d; f; g and h satisfying
a  (t)  b; d  m(t)  f and g  (t)  h:(18)
In view of (18) we have
(19)
y2
h
+
ay
1 + yf
 max
0tT
n y2
(t)
+
(t)y
1 + ym(t)
o
 y
2
g
+
by
1 + yd
:
Therefore we have
lim
y!1
min
0tT
1
y
n e T
e T   1f(t; y)
o
= lim
y!1
min
0tT
1
y
n e T
e T   1

  y
2
(t)
  (t)y
1 +m(t)y
o
= lim
y!1
min
0tT
n e T
1  e T
 y
(t)
+
(t)
1 +m(t)y
o
=1:
Therefore H3 of Theorem 5 is satised. We have the following Lemma, proof
of which can be constructed parallel to that of Lemma 3.
Lemma 4. If there exists l
0  0 such that
(20)
b
1 + l0d
<
1  e T
T
  l
0
g
then there is a c > l
0
that satises H4 . Further, (3) admits at least two
positive T periodic solutions.
Corollary 3. The equation (3) admits at least two positive T -periodic so-
lutions if the following quadratic equation in l0
dT l
02   (gd(1  e T )  T )l0   g(1  bT   e T ) = 0(21)
admits at least one positive root.
5. Illustrative Example. In this section the key ndings of the work
are illustrated through numerical simulation. Let us consider the following
model that describes dynamics of a shery inuenced by additive Allee eect
in periodically uctuating environment:
PERIODICITY IN A RENEWABLE RESOURCE WITH ALLEE EFFECT 149
Table 1
Table presenting the description of various parameters along with their values and units
pertaining to the problem (22)
Parameter Description value Units
r Intrinsic growth rate 0.25 1/year
K Carrying capacity 3.5 million ton
K Amplitude of K uctuation 1.5 million ton
 parameter inducing additive Allee eect 2 -
 Amplitude of  uctuation 0.9 -
m parameter inducing additive Allee eect 6.5 1/million ton
m Amplitude of m uctuation 0.5 1/million ton
Cycle Environmental cycle 4 years
(22)
dx
d
= rx
 
1  x
K   ksin( 2cycle)
     sin(
2
cycle
)
1 + (m  msin( 2cycle))x
!
:
Some of the forms for the coecient functions are adopted from [5] and
signicance of various parameters considered in the problem (22) and their
values are presented in the Table 1. Values for some of the parameters are
adopted from the parameter set considered in [5].
Clearly the equation (22) is a 4   year periodic dierential equation.
We shall employ the theory developed in the previous section to check if the
equation (22) admits multiple periodic solutions. An application of Lemma 1
transforms equation (22) to the following equivalent 1  periodic dierential
equation:
(23)
dx
dt
= x

1  x
K   ksin(2t)  
   sin(2t)
1 + (m  msin(2t))x

:
Now we search for multiple positive periodic solutions of equation (23). In
view of Table 1 we haveZ 1
0
   sin(2t)
1 + (m  msin(2t))l dt =
2p
(1 + 6l)(1 + 7l)
and Z 1
0
1
K   ksin(2t)dt =
1p
10
:
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Fig. 1. Figure presents the curves P (l) = 2p
(1+6l)(1+7l)
and Q(l) = 1 e 1  lp
10
. Observe
that P (l) < Q(l) in the vicinity of 1 which guarantees the existence of at least two positive
periodic solutions for the equation (23) (Lemma 3)
Now plotting the functions P (l) = 2p
(1+6l)(1+7l)
and Q(l) = 1   e 1   lp
10
we observe that there exists a ~l > 0 such that P (~l) < Q(~l) (for example
~l is 1, refer Fig 1). Hence by Lemma 3, the equation (23) admits at least
two positive 1  periodic solutions and hence the equation (22) admits at
least two 4   year positive periodic solutions. It should be noted that the
ease of integrating the functions  sin(2t)
1+(m msin(2t))l and
1
K ksin(2t) made the
verication of Lemma 3 easier. In the absence of such facility for evaluation
of integrals, one can use the Lemma 4 and make a conclusion regarding the
existence of at least two positive periodic solutions. In any case Lemma 3 is
superior to Lemma 4 as it can be observed that application of Lemma 4 does
not guarantee the existence of two positive periodic solutions for (23) for
the considered set of parameter values. However, Lemma 4 assures existence
of two positive periodic solutions if the value of the parameter m is in the
vicinity of 13 leaving the values of other parameters as in table 1. This can
be veried from the existence of two positive roots for the equation (21).
Figure 2 presents the two 1  positive periodic solutions admitted by
equation (23). It should be noted that the equation always admits the trivial
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Fig. 2. Figure presents the two positive periodic solutions admitted by the equation (23)
for the parameter values taken from Table 1. The legend presented in the gure indicates
the stability nature of each of the periodic solution. The other simulations shown blue and
red colour illustrate the stability nature of the periodic solutions. From this illustration we
observe that all the solutions initiating above the unstable periodic solution (blue colour
trajectories)get attracted to the asymptotically stable periodic solution and those that initi-
ate below the unstable periodic solution (red colour trajectory) approach the trivial solution
asymptotically
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solution. The numerical simulations indicate that the equation (23) admits
exactly two positive periodic solutions such that the smaller among them is
unstable and the other is asymptotically stable. Further, all the positive so-
lutions of (23), initiating below the unstable periodic solution approach the
trivial solution asymptotically. On the other hand all the solutions initiat-
ing above the unstable periodic solution approach the locally asymptotically
stable. In a subsequent paper we present theoretical results that establish
existence of exactly two positive periodic solutions and their nature of sta-
bility.
6. Discussion and Conclusions. Allee eects occur when ever
tness of an individual in a small or sparse population decreases as the pop-
ulation size or density also declines [6, 11, 12, 31]. The additive Allee eect
that is known to occur when a prey dynamics is inuenced by predator sati-
ation [7, 34], group defence in a prey species, inhibition in micro organisms
[1, 2] or diculty in searching for a mate [34]. In all the works that concerned
the additive Allee eects, the involved parameters have been taken to be con-
stants implying that the dynamics are time independent or the environment
is constant in time. But in natural world a biological organism's physical
environment is non constant in time. Often the environment is either peri-
odic or almost periodic. Periodicity in the environment is incorporated into
the dynamics of a species by assuming that the involved coecients in the
equation governing its dynamics to be periodic [8, 13, 30]. In this article we
have considered dynamics of a renewable resource that is subjected to ad-
ditive Allee eect in a periodically varying environment. We have observed
that, under reasonable conditions on the coecient functions, there are at
least two positive periodic solutions for the considered model.
The existence of at least two positive periodic solutions is obtained by
employing Leggett-Williams Multiple xed point theorem to the considered
model. The existence is established using two dierent conditions. The rst
type involves integral conditions while the other involves bounds of the pe-
riodic coecients. The existence results are illustrated through numerical
simulation in section 5 using a suitable example. The theoretical results de-
veloped in this article provide an upper bound on the number of positive
periodic solutions admitted by the considered model. It would be more in-
teresting to obtain results that decide the exact number of periodic solutions
along with their stability nature. Work in this direction is in progress.
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